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Abstract. For an integer w, let be the algebraic triangulated category generated 
by a w-spherical object. We determine the Picard group of and show that each orbit 
category of is triangulated and is triangle equivalent to a certain orbit category of 
the bounded derived category of a standard tube. When n — 2, the orbit category 
iSuj/S^ is 2-periodic triangulated, and we characterize the associated Ringel-Hall Lie 
^ algebra in the sense of Peng and Xiao. 
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1. Introduction 



The Hall algebra of an algebraic triangulated category (with certain finiteness con- 
! ditions) was introduced by Toen [12] (c/. also [T7] [5]), with the expectation to realize 

■■^ ■ the quantized/universal enveloping algebra of a Kac-Moody Lie algebra g from the 

bounded derived category Vq of finite-dimensional representations over a quiver Q 
whose underlying graph is the Dynkin graph of g. Toen was inspired by the work of 
CN . Peng-Xiao [13] [E] [U], in which the authors provided a way to construct Lie alge- 

bras (called Ringel-Hall Lie algebras) from 2-periodic triangulated categories, e.g. to 
^ I construct the Kac-Moody Lie algebra g from the root category Pq/S^, where S is the 

suspension functor of Vq, cf. also [18| [1]. 
O ■ For an integer w, let be the algebraic triangulated category over a field k generated 

by a w-spherical object. In [TT], the Hall algebra of is computed. Having Peng- 
Xiao's and Toen's work in mind, it is natural to ask what is the Ringel-Hall Lie algebra 
^ ! of the orbit category Sy^/T?. 

■ In order to apply Peng-Xiao's construction, we need to first prove that the orbit cat- 

egory Sw/^"^ is triangulated. In fact, we will prove that each reasonable orbit category 
of Su, carries a nice triangle structure. Moreover, we will provide a characterization of 
these categories in terms of orbit categories of bounded derived categories of standard 
tubes. More precisely, we have 

Theorem 1.1. Let n he a positive integer. 

(a) There are group isomorphisms f : Aut(i5^) — fc^ x Z and g : Aut(I'^(7^)) — >■ 
X Z/nZ X Z. Here Tn is the standard tube of rank n and V^{Tn) is the 
bounded derived category. In particular, /(S) = (1,1), 5'(t) = (1,1,0) and 
(^(S) = (1,0, 1), where r is the Auslander-Reiten translation ofTn- 
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(b) For any a G , the orbit category Sw/ f~^{a,n) carries a canonical triangle 
structure such that the projection functor S^j — J- S^j/ f^^{a,n) is a triangle func- 
tor. Moreover, it is triangle equivalent to the perfect derived category of the 
dg algebra A = k{s,r,r^^) /{s"^, sr = {—l)""'ars) with trivial differential, where 
deg(s) = w and deg(r) = n. 

(c) Let m be the greatest common divisor of n and d = 1 — w, n' = n/m, d' = d/m, 
c be an inverse of d' modulo n' , and let a,b G be such that a = ((— 

Then the orbit category S^/ f~^{a,n) is triangle equivalent to the orbit category 
1^^{7n')/g^^{b,c,m) (which admits a canonical triangle structure by Theorem 
9.9];. 

In particular, the orbit category Sw/T? is triangle equivalent to the root category of 
the standard homogeneous tube [i.e. the standard tube of rank 1) if w is odd, and to 
the cluster tube of rank 2 if w is even. This characterization helps us to obtain the 
following description of the associated Ringel-Hall Lie algebra in terms of a basis and 
the corresponding structure constants. 

Theorem 1.2. Let g denote the Ringel-Hall Lie algebra of Syj/T? with scalar extended 
to Q. 

(a) // w is odd, then g is isomorphic to the infinite- dimensional Heisenberg Lie 
algebra. 

(b) // w is even, then g has a large center. The quotient of g by its center has a 
basis {ax\x G N U {0}} U {6^, Cy\y G N — |} and the structure constants are 

■ [ax,a^i] = 0, [by,byi] = 0, [cy,Cy'] = 0; 

■ [a^, by] = by+x + sgn{y - a;)6|j^„^|, [a^, Cy] = -Cy+x - sgn(?/ - a;)c|y„^.|; 

where for an integer r, sgn(r) = 1 if r is positive and sgn(r) = —1 if r is 
negative. 

We remark that the cluster tube of rank 2 is not proper, and we refer to [TB] for 
Lie algebras constructed from non-proper 2-periodic triangulated categories (c/. also 
Section H]). The Lie algebra obtained in Theorem 11.21 (b) seems likely to be the first Lie 
algebra computed from a non-proper 2-periodic triangulated category. 

This paper is organized as follows. In Section [21 we give some preliminary results, 
including results on derived categories of dg categories, triangulated orbit categories, the 
algebraic triangulated category generated by a w-spherical object and the bounded 
derived category of a standard tube. In particular, we prove part (a) of Theorem 11.11 
In Section [31 we prove Theorem 11.11 (b) and (c). The proof of the first part of (b) is 
a variant of Keller's proof of [HI Theorem 4]. In the proof of the second part of (b) 
and the part (c), we compute the dg algebras for both orbit categories and compare 
them. Section [D is devoted to the characterization (Theorem II. 2p of the Ringel-Hall 
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Lie algebras associated to Sw/T?. In an appendix, by using covering and the universal 
property of orbit categories we construct an explicit triangle equivalences between the 
two orbit categories in Theorem 11.11 (c) in the case when n is even and a = h = 1. 

The second-named author gratefully acknowledges support from Max-Planck-Institut 
fiir Mathematik in Bonn and from Hausdorff Research Institute for Mathematics. He 
thanks Dong Liu for helpful conversations. Both authors are deeply grateful to Bernhard 
Keller for pointing out to them the similarity between the orbit category iSa/S^ and the 
root category of a homogeneous tube (which inspired the study in the second part of 
Section [3]) and for his great help in finding an error in a previous version. They thank 
Martin Kalck for pointing out some typos to them. 

2. Preliminaries 

Let /c be a field. 

2.1. The derived category of a dg category. We follow [7]. Let ^ be a differential 
graded (=dg) fc-category (we identify a dg fc-algebra with a dg /c-category with one 
object). Let Dif ^ be the dg category of (right) dg modules over A. For two dg modules 
M and over A and for an integer n, the degree n component of the morphism complex 
HoniDjf _4(M, A^) consists of the homogeneous morphisms from M to of degree n, here 
M and N are considered as graded modules over the underlying graded category of 
A. The differential of HorriDif ^(M, A^) is induced from the differentials of M and A^. 
The shift of complexes is a dg functor S : Dif ^ — )■ Dif which takes a homogeneous 
morphism / of degree n to (—1)"/. 

The derived category T>A of A has the same objects as Dif ^ and its morphisms are 
obtained from the closed morphisms in Dif ^ of degree by formally inverting all quasi- 
isomorphisms. It is triangulated with suspension functor S the shift functor. Let per A 
denote the smallest triangulated subcategory of VA containing all free dg ^-modules 
and closed under taking direct summands. Let Vj^A be the full subcategory of VA 
consisting of those dg modules which has finite-dimensional total cohomology. It is a 
triangulated subcategory of VA. 

Let ^ be a dg fc-category. We define H^A to be the fc-category which has the same 
objects as A and whose morphism space Hom/i-o_4(X, Y) between two objects X and Y is 
the zeroth cohomology of the complex Hom_4(X, Y). The Yoneda embedding A Dif ^ 
of dg categories induces an embedding H'^A VA of fc-categories. In particular, we 
have for A & A and the corresponding free module = Hom^(?, A) 

H* Hom^(A, A) = HomvA{A\ SM^). 

pez 

Let A and B be two dg /c-categories. A dg ^-i3-bimodule is by definition a dg module 
over the tensor product B ® A"^. Given a dg ^-;B-bimodule X, one can define a pair of 
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adjoint standard triangle functors 



VA VB. 

Hx 

2.2. Orbit categories. We follow [8]. 

Let C be a fc-category, and F be an auto-equivalence of C. The orbit category C/F 
is defined as the category whose objects are the same as those of C and the morphism 
space Homc/F(-^, ^) between two objects X and Y is 

Homc/F{X, F) = Homc(X, F^Y). 

The following remarkable result is due to Keller. 

Theorem 2.1 (j^Sj Theorem 9.9). LefH be a small hereditary abelian k-category with the 
Krull-Schmidt property where all morphism and extension spaces are finite- dimensional. 
Let F : V^iTi) — )• V''{'H) be a standard equivalence with a dg lift. Suppose 

(1) for each indecomposable U ofH, only finitely many objects F'^U,i G Z, lie in "H; 

(2) there is an integer N > such that the F- orbit of each indecomposable of C 
contains an object S"f/ for some < n < N and some indecomposable U ofH. 

Then the orbit category C/F admits a natural triangle structure such that the projection 
functor C ^ C/F is a triangle functor. 

In Keller's proof, a dg orbit category is defined and the triangle structure of C/F 
come from the (nice) dg structure of the dg orbit category. In this case, we say that the 
orbit category C/F admits a canonical triangle structure. In particular, the projection 
functor TTc : C — 7- C/F is a triangle functor given by a tensor functor. 

2.3. The algebraic triangulated category generated by a spherical object. Let 

C be a triangulated /c-category. For an integer w, an object 5 of C is called a w-spherical 
object if the graded endomorphism algebra 

0Homc(5, Z^S) 

is isomorphic to A = A;[s]/(s^), where s is of degree w. Let Sw be the algebraic trian- 
gulated category over k generated by a w-spherical object S. The following result was 
proved in [TT] . 

Theorem 2.2. The category Sw is triangle equivalent to per(A) and to Vfd{T), where 
r = k[t] if w ^ 1, r = k[[t]] if w = 1 with degt = 1 — w. Here both A and T are 
viewed as dg algebras with trivial differentials. In particular, S"S', n E Z, are precisely 
the w-spherical objects in S^. 
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Let Aut{Sw) be the group of triangle automorphisms of which admit dg hfts. The 
suspension functor S belongs to Aut{Sw) and is central. Let a be a nonzero element of 
k. We define ipa to be the automorphism of A taking s to as. The induced push-out 
functor (fa,* Sw ^ Sw also belongs to Aut(iS^). In fact, Aut(5iu) is generated by S and 
iPa,*, a e k"^. 

Lemma 2.3. The group Aut{Su]) is isomorphic to k^ x Z. 

Proof. Let F be an element of Aut(iS^). Then FS is also a w-spherical object, so it 
follows from Theorem 12.21 that FS = Ti'^^^'^S for some n(F) G Z. Moreover, there is 
a nonzero element a(F) of k such that Fs = a(F)S"(^)s. Sending F to (a(F),ra(F)) 
defines a group homomorphism / : Aut(iS^) — )■ A;^ x Z. The map / is surjective because 
for any a G /c^ and any n G Z we have f{(fa,*^"') = {a,n). It is injective because any 
element in the kernel is isomorphic to the identity functor on the objects S^S* {p G Z) 
and on all the morphism spaces Hom5^(5', Ti^S) {p G Z) and, since S generates 5^, such 
a functor must be isomorphic to the identify functor. □ 

2.4. Standard tubes. Let n be a positive integer. Let Tn be the standard tube of rank 
n, i.e. the hereditary abelian category of finite-dimensional nilpotent representations of 
a cyclic quiver with n vertices. 

Lemma 2.4. The derived category V^{Tn) is triangle equivalent to per(A'), where A' is 
the quotient of the path algebra of the graded cyclic quiver with each arrow in degree 1 
modulo all path of length 2. 

Proof. It is easy to check that A' is the graded endomorphism algebra of the simple 
objects of Tn- For degree reasons, there is no non-trivial Ago-structure on A' such that 
the identities of the simple objects are strict units(c/. the proof of [11, Theorem 2.1]). 
So by [121 Theorem 7.6.0.6] we obtain the derived result. □ 

Let us denote by ai : 1 — )■ 2, . . . , a„ : n — 1 the arrows in the quiver of A'. For 
a G k^ , we define ipa as the unique automorphism of A' taking ai to aai, and to ctj, 
i = 2, . . . ,n. We define c as the unique automorphism of A' taking the vertex i to i + 1, 
i = 1, . . . ,n. The push-out c^, is exactly the Auslander-Reiten translation r. 

Lemma 2.5. The group Aut(T>^ (Tn)) is isomorphic to k^ x Z/nZ x Z. 

Proof. The proof is similar to that for Lemma 12.31 Let Si denote the simple object of 
Tn corresponding to the vertex i, i = 1, . . . ,n. Let F be an element of Aut('D^(7^). 
By the shape of the Auslander-Reiten quiver of V^{Tn), we have F(Si) = T."-^^^ Si(^F) = 
Y,''^iF'}^iiF)-i for some n{F) G Z and i{F) = l,...,n. Moreover, there are nonzero 
elements ai(F), . . . , a„(F) of k such that F(ai) = ai{F)T^^^^^^T,'^^^^ai. Sending F to 
{YYi=i'^i{^):i{^) ~ defines a group homomorphism : Aut('D''(7^)) — A;^ x 

Z/nZ X Z. It is surjective because for any a G k^ , any i G Z/raZ and any m G Z we 
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have f{'ilJa,*T^^"^) = {a,i,m). Let F be in the kernel of /. Then nr=i'^i(-^) ~ ^- 
the maps ai(F)^^ • • ■ aj_i(F)^^ : F{Si) = Si ^ Si defines a natural isomorphism on the 
generators 5*1, . . . , S'„, and hence F is isomorphic to the identify functor. □ 

3. The triangle structure 

Let A; be a field and w an integer. Let Sw be the algebraic triangulated category 
generated by a w-spherical object. In this section, we will prove that for any trian- 
gle auto-equivalence F of Sw which is not identical on isoclasses of objects, the orbit 
category S^/F admits a canonical triangle structure. 

3.L The triangle structure. Let F = be the graded algebra k\i\ with deg(t) = 
d = 1 — w when w ^ 1 oi the ring of power series when w = 1, viewed as a dg 
algebra with trivial differential. Then VfiiiT) = S^, see Theorem 12.21 When w = 1, 
VfdiT) is exactly the bounded derived category of a homogeneous tube and the orbit 
category Si/F is triangulated by Theorem 12.11 So in the rest of this subsection we 
assume that w ^ 1, i.e. d ^ 

Let n G N. The following lemma on graded modules over F is well-known. 

Lemma 3.1. (a) Up to degree shifting, an indecomposable graded T-module is iso- 
morphic to one of the following modules: F/(t^) (p G Z) , F, (the graded 
dual ofV), M = k[t,t-^]. 
(b) Let X be a finite- dimensional graded T-module. Then 

HomGrmod(r) 

Recall that the automorphism group of VfdiT) consists of the functors yJa^^S", a E , 
n G Z. Here by abuse of notation (pa denotes the automorphism t at of F. It is useful 
to observe that ipa,* is isomorphic to the identity on objects. 

Theorem 3.2. The orbit category Vf(i{r)/(pa,*'^" admits a canonical triangle structure. 

Proof. Recall that Dif F denotes the dg category of dg F-modules. Let A be the dg 
subcategory of Dif F consisting of strictly-perfect dg F-modules with finite-dimensional 
total cohomology (a dg F-module is strictly perfect if as a graded module it is the 
direct sum of finite copies of shifts of F). Then we have an equivalence of triangulated 
categories 

i/M^P/,(F). 

The functor v^a,*^" is a dg auto-equivalence of the dg category A. For any X,Y E A, 
Homj|/o_4(X, (y9a^*S")PF) vanishes for all but finitely many p E Z. Let B = A/(pa,*^^ be 
the dg orbit category of A. We have an equivalence of categories 



THE RINGEL-HALL LIE ALGEBRA OF A SPHERICAL OBJECT 7 

The canonical dg functor n : A ^ B yields an ^-S-bimodule 

{B,A) Home(fi,7rA), 
which induces the standard functors (c/. Section fLJ^ 

VA ^ VB and VB ^ VA. 
Note that we also have a natural embedding 

i:VA^VT 

given by the ^-F-bimodule 

(r,A) ^ HomDifr(r,A). 

This embedding identifies H^A with VfdiX)- 

Let = perS be the triangulated subcategory of VB generated by the representable 
functors. By abuse of notation, we denote the representable functor still by X for 
any X E B. To prove that T'jrf(r)/(y9a,*S" admits a canonical triangle structure, it 
suffices to show that H^B is extension closed in A^, i.e. for any X, F G H'^B and 
/ G Hom/^og(X, y), the third term of the following triangle in Ai is isomorphic to an 
object in H^B 

X Uy ^ E ^T.X. 
We apply the right adjoint TTp of tt* to the triangle above, we get a triangle in VA 

Applying the functor i, we have a triangle in 

It suffices to show that 

iTTpE = 0(v9a,*S")PZ = S"PZ, for some Z G ^. 

pez pGZ 

Below we will consider the functor (yJa^.S'^ only on objects, so we will drop (fa,*- Note 
that iiTpX and iiTpY are direct sums of S"-orbits of objects in Vfd{T). We have 

dimi7™(mpX) < oo and dimi7"^(z7r^r) < cx), Vm G Z. 

Let us rewrite the triangle as follows 

^ ^ ^ 

Applying the cohomological functor H* to the above triangle gives a long exact sequence 
of graded F-modules 

^H*{X){np) ^ ^H*{Y){np) ^ /f*(X) ^ ^ H*{X){np + 1) . 
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Then it follows by Lemma f3.ll that any degree shifting of M = H*(M) is not a direct 
summand of H*{N). By Lemma I5.3[ we know that any shift of M is not a direct 
summand of A^. As a consequence, N must be the direct sum of a S"-orbit. Since 
dim H"^{N) < oo for each m & N does only have objects in Vfd(T) as its direct 
summands. Again, by dim H"^{N) < oo for each m G Z, we have 

A^ ^ (0 S^^Zi) © ... © (0 

for some indecomposable objects Zi, . . . , Zj. in Vfii{T). Namely, A^ is the direct sum of 
a <y9a^=KS'^-orbit of objects in Vfd{T). This finishes the proof. □ 

Remark 3.3. Recall that A = A;[s]/s^ is the graded algebra with deg(s) = w. /n [H 
Section 3] it is shown that I?^(A)/S^ = per(r)/S^ is not triangulated for w = (i.e. 
d = 1). Similarly, per(r)/S" is not triangulated for all w E Tj and all n E N. Indeed, 
we can use the argument in [51 Section 3] . The endomorphism algebra of T in the orbit 
category is a polynomial ring k[u] with u G Homper(r)(r, S'F), where \l\ is the least 
common multiple of n and \d\ and I has the same sign as d. The endomorphism 1 + u is 
monomorphic but does not admit a left inverse. By copying the proof of Theorem \3.2^ 
we can also obtain some evidence (and some clue about the missing cone of 1 + u). The 
morphism 1 + u induces a triangle in T>{r) 

s"pr ^ s"pr ^ A^ ^ s s"pr, 

pel pel pel 

where f is the morphism with components 



Mamely, N is the Milnor colimit of the sequence 

m—l m— 1 

. . . ^ sT ^ ST . . . 

i=0 1=0 

where m is the greatest common divisor of n and \d\, and v is the diagonal matrix 

V = diag(u, Sm, . . . , Ti^^^-^u). 

Thus N is isomorphic in 'D(r) to ©™o^ T,^k[t,t^^], which is not the direct sum of the 
Ti"- -orbit of any object in per(r). 

3.2. The dg algebra for 5^/y9a *S". We have a nice byproduct of the proof of Theo- 
rem 

Proposition 3.4. Let w G Z\{1}, a E and n eN. The orbit category Sw/^a,*^"" is 
triangle equivalent to per A, where 

A = K,a,n = k{s, r, r-')/{s^ sr = (-l)"»ars) 
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is the graded algebra with deg(s) = w and deg(r) = n, viewed as a dg algebra with trivial 
differential. 

Proof. Let A and B be dg categories as defined in the proof of Theorem I3.2[ Let 
S = T/tV he the 1-dimensional simple dg F-module concentrated in degree 0. Recall 
from Theorem 12.21 that the dg endomorphism algebra of (a strictly perfect resolution 
of) in ^ is related by a zigzag of quasi-isomorphisms to A = k[s\/ s"^ with deg(s) = w. 
Thus the dg endomorphism algebra 

Hom^(5, {'^a,*TrY~S) = S^" Hom^(5, ~S) 

of the image 5* of 5* in is related by a zigzag of quasi-isomorphisms to A (note 
that the composition in the orbit category is twisted by It follows from the 

construction that every object in B is an iterated cone of closed morphisms of degree 
between shifts of copies of S", since every object in A is an iterated cone of closed 
morphisms of degree between shifts of copies of S. Thus the restriction from B to 
the one-object dg subcategory {S} induces a triangle equivalence per A = peri3, cf. for 
example [5] . The latter category, by the proof of Theorem 13.21 is triangle equivalent to 
H^B = V fdiX) I Va,*^^ 1 and the desired result follows. □ 

3.3. The Auslander— Reiten quiver. Let aGA;^,nGN, iugZ and d = 1 — w. 

If w = 1, then the Auslander-Reiten quiver of Sw consists of Z copies of homogenous 
tubes, and S acts transitively on them. Thus the Auslander-Reiten quiver of the orbit 
category Si/ipa,*^^' consists of n homogeneous tubes. 

If w 7^ 1, then the the Auslander-Reiten quiver of Syj consists of \d\ copies of ZAqo- 
An object M and Y^^M are in the same component if and only if p is a multiple of d. 
Thus the Auslander-Reiten quiver of Sw/fa,*^"" consists of m copies of tubes of rank 
n', where m is the greatest common divisor of n and d and n' = —. 

3.4. Orbit categories of the bounded derived category of a standard tube. 

Let n' e N, c G Z/n'Z, 6 G A;^ and m G M. 

Proposition 3.5. The orbit category I)''{Tn') /'ipb,*^'^'^"^ is triangle equivalent to per A', 
where 

A' = K'Acm = k{s,r,r-')/{s',sr = i-lf^b^'rs) 

is the graded algebra with deg(s) = w and deg(r) = n, viewed as a dg algebra with trivial 
differential. Here n = n'm, and w = 1 — md' for d' with cd' = l(mod n'). 

Proof. The proof is similar to that for Proposition 13.41 Let A' be the dg category of 
strictly perfect dg A'-modules, where A' was defined in Section [2^ and let B' be the dg 
orbit category with respect to the dg automorphism iph^^r'^T,"^ . Then H^A' = V^iTn') 
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is triangulated and, by \2.1\ H^B' = 'D^{Tn')/il^b,*'T'^^'^ is also triangulated. The dg 
endomorphism algebra 

of the image Si of 5*1 in B' is A'. The triangulated orbit category H'^B' = V'^ (J~n') / ipb,*^'^^'' 
by 5*1. Thus the restriction from B' to the one-object dg subcategory 5*1 induces a tri- 
angle equivalence per A' = per B' = H^B' = V\ra') /i'b,*r''Tr . □ 

3.5. An equivalence. Let n G N, if G Z and d = 1 — w. Let m be the greatest common 
divisor of n and rf, and let d! = — and n' = —. Let c be an inverse of d' modulo n' . Let 

' m m 

a,b e k^. 

Combining Proposition 13.41 and Proposition 13. 5[ we obtain 

Theorem 3.6. The two orbit categories S^/^Pa,*^"' O'lT'd V^{Tn')/'ipb,*'^'^^"^ ore triangle 
equivalent if and only if a = {{—lYb)^'. 

Proof. Notice first that Proposition 13.41 is also valid for the case w = 1, thanks to 
Proposition 13.51 

The 'if part: If a = ((— then A' and A are the same dg algebra, in par- 
ticular, per(A') = per(A), implying that Sw/ipa,*^^ and V'^{Tn')/ipb,*'T''T,"' are triangle 
equivalent. 

The 'only if part: Let F : (Tn') / 4'b,*^'^^"^ — ^ ^^/v^a.+S" be a triangle equivalence. 
Then due to the shape of Auslander-Reiten quiver, F{Si) = T^^S for some integer p. 
Therefore the graded endomorphism algebra A' of 5*1 and A of S* are isomorphic, which 
implies that a = □ 

In the appendix, we will construct an explicit equivalence for the case a = b = 1 and 
n = 2 using covering and the universal property of orbit categories. 

Example 3.7. Let w = 2 and n G N. Then S2 = C^aa is known as the cluster category 
0/ [To] [6]. By Theorem \3.6\ when n is even, the orbit category C^^jYT' and the 
cluster tube Cn = V^{Tn)/T~^ of rank n are triangle equivalent, while when n is odd, 
they are not triangle equivalent. 

4. Ringel-Hall Lie algebras associated to spherical objects 

Let be a finite field with \k\ = q and w be an integer. Let be the triangulated 
category over k generated by a ti?-spherical object. As shown by Theorem 13. 2[ the orbit 
category iS^/S^ admits a canonical triangle structure. It is obviously 2-periodic, so we 
can associate a Lie algebra to it via the Ringel-Hall approach in the sense of Peng-Xiao. 
In this section, we will determine this Lie algebra. 
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4.1. The Ringel— Hall Lie algebra. We recall the definition of the Ringel-Hall Lie 
algebra of a 2-periodic triangulated category following p[3|. Let 7^ be a Horn-finite 
/c-linear triangulated category with suspension functor S. By indT^ we denote a set of 
representatives of the isoclasses of all indecomposable objects in IZ. 
Given any objects X, F, L in 7^, we define 

W{X,Y-L) = G Hom7^(X,L) X Hom7^(L,F) X Hom7^(r,SX)| 

xALAr-^SXisa triangle} 

The action of Aut(X) x Aut(y) on IV(X, Y; L) induces the orbit space 

V{X, ¥■ L) = {(/, g, h^lif, g, h) E W{X, Y; L)} 

where 

{f,g,hr = {{af,gc-\ch{J:a)-')\{a,c) e Aut(X) x Aut(F)}. 

Let Horr\-ji{X, L)y be the subset of Hom7^(X, L) consisting of morphisms I : X L 
whose mapping cone Cone{l) is isomorphic to Y. Consider the action of the group 
Aut(X) on Hom7^(X, L)y hj d ■ I = dl, the orbit is denoted by /* and the orbit space 
is denoted by Hom7^(X, L)y. Dually one can also consider the subset Hom7^(L,y)sx 
of Hom7^(L,y) with the group action Aut(y) and the orbit space Hom7^(L, y)^^- The 
following proposition is an observation due to \17\ . 

Proposition 4.1. \V{X,Y;L)\ = \ Hom7^(X, L)^| = | Homn{L,Y)*j.x\. 

We assume further that TZ is 2-periodic, i.e. TZ is Krull-Schmidt and = 1. 

Let (jr{TZ) be the Grothendieck group of TZ and In{~i ~) be the symmetric Euler form 
of TZ. For an object M of TZ, we denote by [M] the isoclass of M and by Km = dimM 
the canonical image of [M] in GrilZ). Let f) be the subgroup of GrijZ) ®% Q generated 
by -^,M G indT^, where d{M) = dimfc(End(X)/ra(i End(X)). One can naturally 
extend the symmetric Euler form to [) x [). Let n be the free abelian group with basis 
{ux\X e ind7^}. Let 

g(7^) = f) © n, 

a direct sum of Z-modules. Consider the quotient group 

fl(7^)(,_l) = 0(7^)/(g-l)0(7^). 

Let Fyx = '^1^)1- Then by Peng and Xiao [15] we know that 0(7?.)(q_i) is a Lie 

algebra over Z/(g — 1)Z, called the Ringel-Hall Lie algebra of TZ. The Lie operation is 
defined as follows. 

(1) for any indecomposable objects X,Y eTZ, 
where (5x = 1 for X = and else. 
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(2) [[),[)] = 0. 

(3) for any objects X,Y eTZ with Y indecomposable, 

[hx,UY] = I'R,{hx,hY)UY, [uY,hx] =-[hx,UY]. 

If the triangulated category R is proper, i.e. any indecomposable object of R has non- 
trivial class in the Grothendieck group, then the sum over L G ind i? in (1) is necessarily 
zero. 

4.2. The Ringel— Hall Lie algebra of Syj/T?: the case w is odd. Applying Theo- 
rem [3]6] to the case a = 1, w is odd and n = 2, we have the following lemma. 

Lemma 4.2. The 2-periodic orbit categories Sw/T,"^ is triangulated equivalent to the 
root category P''(7i)/S^ of the standard homogenous tube Ti. 

We recall that the standard homogeneous tube 71 is the category of finite-dimensional 
nilpotent representations of the Jordan quiver (the quiver with one vertex and one 
loop). For each positive integer n there is an indecomposable representation (n) of 
length ra, and up to isomorphism all indecomposable representations are of this form. 
Let TZ = ^^{Tii/T? denote the root category of Ti- The image of (n) in TZ will still 
be denoted by (n), and its suspension will be denoted by {—n). The Grothendieck 
group of TZ is free of rank 1 generated by the canonical image z of (1). To compute the 
Ringel-Hall Lie algebra of TZ, we need the following well-known fact on the bounded 
derived category of a hereditary abelian category. 

Lemma 4.3. Let A be a hereditary abelian category and ^^{A) the bounded derived 
category. Let f : X ^ Y be a morphism of A, then 

X 4 r ^ cok / © S ker / ^ EX 

is a triangle ofT>^{A). 

The following characterization of the Ringel-Hall Lie algebra of TZ is known to the 
experts, but we failed to find a precise statement in the literature. It can be easily 
deduced by using Lemma 1^1 icf. [H] [20]). 

Proposition 4.4. The Ringel-Hall Lie algebra Q{TZ)q-i of TZ has a Z/{q — l)-basis 
{M(„)|n G Z\{0}} U {z} with structure constants given by 

(1) [u(^n),U(-n)] = -nz, forn G Z\{0}; 

(2) = 0, for n ^ m e Z\{0}; 

(3) [z,u^n)] = 0, forn eZ\{0}. 

We have an 'integral' version of Q{TZ)q-i. Let Q be the set of isomorphism classes of 
finite field extensions of k. For any E ^ Q, let (n)^ = (n) ®fe E be the extension of (n) 
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over field E and (— n)^ be the suspension of (n)^. One can define the Ringel-Hall Lie 
algebra g(7^)(|£;|_i) similarly. Consider the product of Lie algebras 

Een 

Let f/(±ri) = (..., U(^±n)E, . . .)e {n E N), Z = {. . . , , . . .)e- Consider the Lie subalgebra 
of £ generated by and Z, we also call g the Ringel-Hall Lie algebra of TZ. It 

is easy to see that q is isomorphic to the infinite-dimensional Heisenberg Lie algebra. 
Indeed, {-W^n)\n G N} U {Z} U {f/(_„)|n G N} is a Chevalley basis. 
Combining Lemma 14.21 and Proposition 14. 4[ we have 

Proposition 4.5. The Ringel-Hall algebra of for w odd is isomorphic to the 

infinite- dimensional Heisenberg Lie algebra. 

4.3. The Ringel-Hall Lie algebra of the case w is even. Applying The- 

orem [3]6] to the case a = 1, w is even and n = 2, we have the following lemma. 

Lemma 4.6. The 2-periodic orbit categories Sw/T?' is triangulated equivalent to the 
cluster tube of rank 2. 

Let us first recall the definition of the cluster tube of rank 2. Let A be the cyclic quiver 
with 2 vertices. Let T2 be the category of finitely generated nilpotent right fcA-modules. 
Let V = V^ilo) be the bounded derived category of 72, t be the AR-translation functor, 
and S be the suspension functor of P''(72)- The cluster tube of rank 2, denoted by C, 
is defined as the orbit category V^(72)/t^^ o S (c/. P[2]). In particular, for objects X 
and y of C, the morphism space C{X, Y) is 

C{X, Y) = V{X, Y) © V{X, r-^Sy). 

The composite functor % ^ V ^ C is bijective on isoclasses of objects and preserves 
indecomposability. Thus we have indC = '\ndT2 = {{1^), {~''^)\^ ^ where (n) is 
the unique indecomposable fcA-module of length n with socle the simple module cor- 
responding to the vertex 1, and (— n) the unique indecomposable /c A- module of length 
n with socle the simple module corresponding to the vertex 2. We have r(n) = {—n) 
in T2 (here = 1), and = r(n) = (-n) in C (here r = S and = = 1). 

The Grothendieck group of C is free of rank 1 generated by the canonical image of (1), 
see [1]. It is easy to see that the images of (±2n) in the Grothendieck group are 0, so 
the triangulated category C is not proper. 

To compute the Ringel-Hall Lie algebra of C, we need some auxiliary results. Let X, 
Y be two objects of T2, viewed as objects of C, and / G V^X, Y) and g G T>{X, r^^Y). 
Let Z be an object of 72 such that is a cone oi f + g. As discussed in [19j Section 
4.6], we can compute Z using the long exact sequence 

r-'X T-'Y ^Z X r. 
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where the short exact sequence 

cok(T-7) Z ker(/) 

is induced from g by the inclusion ker(/) ^ X and the quotient t~^Y -» cok(T~^/). 
Namely, we have the following commutative diagram 

9 ■ > T-^Y ^ E ^ X > 

^ cok(T-V) ^ E' ^ X ^ 

^ cok(r-V) ^ Z ^ ker(/) ^ , 

where the square in the left-upper corner is a pushout and the square in the right-lower 
corner is a puUback. The next proposition follows easily. 

Proposition 4.7. Let f e T>{X, Y),g e T>{X, r'^TY). For any nonzero t e k, we have 
Con{f -\- tg) = Con{f + g). In particular, Con{f + g) is indecomposable if and only if 
Con{f -\- tg) is indecomposable. 

For / e V{X,Y) and g e V{X,t-^J:Y), let (/ + g)* be the orbit of / + ^ by the 
action of Autc(-^) and (/ -|- g)^ be the orbit of / -|- by the action of Aute{Y). We have 
the following easy observations 

• for any g e V{X, t'^EY) and any h e V(Y, t'^'LZ), we have hog^OinC; 

• for y e X>(X,T-^Ey), the orbit g* is contained in V{X,t-^J:Y). 

Lemma 4.8. Let X,Y G indC,. / G V{X,Y), g G V{X,t'^EY). Assume that (/ + 
g)* = h* for some h G '^'(X, Y), then the mapping cone Con{f + g) of f + g in C is 
indecomposable if and only if f is injective or surjective. 

Proof. Suppose Con{f + g) is indecomposable, then by the condition (/ -|- g)* — h* , 
we know that Con{h) is indecomposable. Thus, h is injective or surjective. Since 
if + 9)* — h*, there exists 0x G Autc(-'^) such that (/ + g)(f)x — h. We can write (f)x 
as + X, where G Autx.(X) and x G T>{X, t'^T,X). In particular, we have f o cf) — h 
and / is injective or surjective. 

Suppose / is injective (resp. surjective). The assumption [f -\- g)* — h* imphes that 
h is injective (resp. surjective). Therefore the mapping cone oi f -\-g is indecomposable. 

□ 

Remark 4.9. For any f G T){X, Y),g e V{X, t"^SF), if f is surjective, then {f+g)* = 
/* ; %f f IS mjective, then {f + g)* = f*- 

Lemma 4.10. Let X,Y G indC and f G V{X,Y),g G V{X,t-'^EY). Suppose (/ + 
g)* ^ h* for any h G T>{X, Y). Then (/ + sg)* 7^ (/ + tg)* for any nonzero s^tek. 
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Proof. We first remark that if (/ + g)* 7^ h* for any h G V{X, Y), then (/ + tg)* ^ h* 
for any h E V{X, Y) and ^ t E k. 

Suppose that (/ + sg)* = (/ + tg)* for some s ^ t E k. There exists 0x ^ Autc(X) 
such that {f + sg)(j)x = if+tg). Since X is indecomposable, we can write 0x = a + b+c, 
where a E k,b E rad Endx)(X), c E T>{X, t^^T,X). The equahty (/ + sg){a + b + c) = 
if + tg) imphes /(a + b) = f and —fc = g{s{a + b) — t). In particular, one has 
a = 1 and s — t + sb E Autx>{X) since s ^ t and sb E rarf Endx)(X). Thus, we have 
g = —fc{s — t + sb)~^ and (/ + g){l — c{s — t + sb)^^) = f which is a contradiction. □ 

Lemma 4.11. Let X,Y E indC andf,hE V{X,Y),g,kE V{X,t-^^Y). If (f + g)* = 
(h + k)*, then (/ + tg)* = {h + tk)* for anyO^tEk. 

Proof. Assume that (px = a+b+c, where a E k,b E rad EndD(X), b E T>{X, r'^HX) and 
{f + g)(f)x = h + k. An easily calculation shows that f{a + b) = h and fc + g{a + b) = k. 
One can take = a + b + tc and verify that (/ + tg)tlj = {h + tk). □ 

Let X, Y and L be objects in indC. By definition and Proposition 14. 1^ we have 
Fyx = I Homc(X, L)y |. The set Homc(X, L)y admits a natural partition: 

Homc{X,L)*Y = S1US2US3, 

where 

51 = {f*\fEViX,L)s.t.Conif)^Y}, 

52 = {{f + g)*\Oj^fEV{X,L),gEV{X,T-'j:L)s.t.Con{f + g) = Y}\S,, 

53 = {g*\0^gEV{X,T-'j:L) s.t.Con{g) = Y}. 
Therefore 

^YX ~ \Sl \ + l'S'21 + 1 5*31. 

It follows from Proposition 14.71 Lemma 14.101 and Lemma 14.111 that 1 5*2 1 is divisible by 
q—1 and hence is in Z/ (g— 1). However, note that 5*2 is not necessarily empty. Namely, 
for some X and L there are nonzero morphisms / E V{X,L) and g E T'(X, r~^EL) 
such that (/ + g)* 7^ h* for any h E T>{X, L) and the mapping cone of / + (7 in C is 
indecomposable. For example, one considers X = (4) and L = (3). Let f : X (2) >—> 
L and g E T>{X, r^^HL) given by the short exact sequence 

(-3) (-7) (4) 0. 

One checks that the cone of / + 5^ is (—3). 
It is not hard to see that 

Si = Homr,{X,L)*y U Homp(X, L)£^_iy, 

Thus the numbers | Si \ and | S3 \ are essentially characterized by the following proposition 
due to Peng-Xiao [H]. 
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Proposition 4.12. Let X,Y,Z be indecomposable modules of 72. Then in the triangu- 
lated category V — 'D^{%), we have 

1) |Vii(X, Y; Z)\ = 1 if and only if there is a triangle of the form X ^ Z ^ Y ^ 



Now we are in a position to determine the structure of the Ringel-Hall Lie algebra 
0(C)(g_i) of C = Syj/T? for w even. Let £ be the Lie algebra over — 1) with basis 
{z,Un,n e Z\{0}} and structure constants given by 

1) [um, Un] = for m and n even; 

2) [um, Un] = for m and n both odd of the same sign; 





U2{x+y)-l + U2(y-x)-l, X < y 
U2{x+y)-l — U2{x-y)+l: X > y, 





0, for n even 

Aun, for n positive odd 

—4:Un, for n negative odd 



where x,y eN. 



Theorem 4.13. The assignment z i-)- u„ i-)- U(n),n e Z\{0} linearly eoctends to a 
Lie algebra isomorphism from £ to 



Proof. Let us check that U(^n),'n G Z\{0} satisfy 3). Similarly one checks that they 
together with /i^i) satisfy other relations. Let x,y eN and I e Z\{0}. By the arguments 
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before Proposition \A.12\ we have 

^(2U>.(2.> = \Vvi{2x),{2y-iy,{l))\ + \Vvi{2x),J:T-'{2y-iy,{l))\ 

+ \Vv{{2x),^T-'{2y-l);J:r-\l))\ 
= \Vvi{2x), {2y - 1); (0)| + \Vv{{2x), ET-\2y - 1); (0)| 

+ |r^(S-V(2x),(2y-l);(/))| 
= \Vv{{2x), {2y - 1); (/))| + \Vv{{2x), S(-2y + 1); (0)| 

+ |F^(S-i(-2x),(2y-l);(/))| 
^ \Vvi{2x), {2y - 1); (0)| + \Vvi{-2y + 1), (/); (2x))| 

+ \Vv{{l), {-2x); {2y - 1))| (mod q - 1), 

where the last congruence follows from Proposition 14.121 2) 3) and the fact that the 
number of automorphisms of an indecomposable object in V is the product of g — 1 and 
a power of q. Now it follows from Proposition 14.121 1) that 



\V^{{2x),{2y-l);m = 

\Vv{{-2y + l),{l);{2x))\ = 0; 

\Vr,{{l),{-2x);{2y-l))\ = 
Therefore, we have 



1 if / = 2(x + y) - 1 

else; 

1 if a; < y and / = 2{y — a;) — 1 
else. 



1 if/ = 2(x + y)-l 
F^{2y-i),{2x) = Si if X < ?/ and / = 2(y - x) - 1 (mod q - 1] 



else. 



Similarly, we have 



I a X > y and / = 2{x — y) + 1 
^(L),(2,-i> ^ \^ , (modg-1) 
U else. 



The desired result follows immediately from the definition of the bracket 

[M(2x>,M(22,-1>] = ^ {F(2y-l),(2x) - ^{2x),{2y-l))'^{l)■ 
l£Z\{0} 



□ 



Remark 4.14. 1) 3) 4) 5) 6) 8) imply that each U2x + 'U-2x (x (^fi) is central in £. A 
direct computation shows that they form a basis of the center. 

From Theorem 14 . 1 3 1 we see that the integral Ringel-Hall Lie algebra of C is isomorphic 
the Lie algebra over Z with basis {z,Un,n G Z\{0}} and structure constants given by 
l)-8). We take the quotient of this Lie algebra by its center and extend the scalars to 
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Q. The resulting Lie algebra has a basis {a^lx G NU {0}} U {by, Cy\y G N— |} {ax = U2x 
for X G N, ao = ^z, by = U2y, Cy = u^2y for ?/ G N — |) with structure constants 

■ [a^,a^'] = 0, [by,by>] = 0, [cy,cy] = 0; 

■ [ax, by] = by+x + sgn(y - x)b\y-x\, [ax, Cy] = -Cy+x - sgn(?/ - x)c\y-x\; 

■ \by,Cyl\ = 2ay^yl " 2a\y_yl\. 

where for an integer r, sgn(r) = 1 if r is positive and sgn(r) = — 1 if r is negative. 

5. Appendix: An explicit equivalence 

Let k he a field and c? be a nonzero integer. Let F be the graded algebra k[t] with 
deg(t) = d, viewed as a dg algebra with trivial differential. Let n be a positive integer. 
In SectionOwe proved that the orbit category of I'j(i(r)/S" admits a canonical triangle 
structure and is triangle equivalent to a certain orbit category of the bounded derived 
category of a standard tube. In this appendix, we construct an explicit equivalence, 
provided that n is even. 

5.L Induced functors. We follow [5]. Let C and C be a /c-linear category, F : C ^ C 
and F' : C C be auto-equivalences, and C/F and C'/F' be the corresponding orbit 
categories. Let be an [F, F')-equivariant functor, z.e. $ : C — ?■ C is a fc-linear 

functor and a : ^F — )■ F'$ is a natural isomorphism. Then (<l>, a) induces a /c-linear 
functor $ : C/F — )■ C'/F': for / G Hovnc{X, F^Y) the image $(/) is the composition 

otpp-iy Fapp-2Y F^'^ay 

$X ^ ^F^Y ^ F^F^'^Y ^ ■ ■ ■ ^ FP^Y. 

In particular, the (F, F)-equivariant functor (idceli?) induces a functor C/F — )■ C/F, 
denoted by A(e). If C is triangulated and F is a triangle auto-equivalence, then the 
suspension functor of C/F is induced by the (F, F)-equivariant functor where 
: EF — >■ FS is the natural isomorphism in the triangle structure of F. 

Let Fi, F2 : C — )■ C be two A;-linear functors endowed with commutation morphisms 

0,,:F,F,-^F,F„^, J = 1,2. 

We assume that (pa = eilp^Fi and that (pij is the inverse of (pji for i,j = 1,2. Let F = 
F1F2. Then the above commutation morphisms yield two (F, F)-equivariant functors 
(Fi,Fi0i2 : F1F1F2 F1F2F1) and (F2, 021^^2 : F2F1F2 F1F2F2). It follows from P 
Section 2.2] that the induced functors Fi and F2 satisfies: F1F2 = A(eie2lF)- 

5.2. The universal property of triangulated orbit categories. Let us be given 
a triangle auto-equivalence F : C — )■ C, a triangle functor $ : C — )■ C and a natural 
isomorphism $ ~ $oF. Assume that they all admit dg lifts, and that the orbit category 
C/F admits a canonical triangle structure. Then by [HI Section 9.4], the triangle functor 
$ induces a triangle functor 

$ : C/F — > C 
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with a natural isomorphism $ ~ $ o ttc- 

Lemma 5.1. Keep the above notations and assumptions. 

(a) //$ is essentially surjective, so is ^. 

(b) // $ induces bijections for any objects X and Y of C 

0Homc(X,FPr) — > Homc'($X,$r), 



then the functor $ is fully faithful. 

Proof, (a) This is because on objects $ takes the same value as $. 

(b) For objects X and Y oi C and for an integer p, the functor $ gives us a map 

Homc{X,FPY) ^^^^^ Homc'($X, ^F^F) ^ Homc'($X, 

Summing them up for all integers p yields a map 

0Homc(X,FPr) — ^ Homc'i^X,^Y), 

pel. 

which is precisely the map Y). Therefore, $ is fully faithful under the assumption. 

□ 



Remark 5.2. In this appendix, we will apply Lemma [3771 without checking the existence 
of the required dg lift: this is standard in all cases. 

5.3. Hereditary graded algebras. Let F be a hereditary graded fc-algebra. Let 
Grmod(F) be the category of graded modules over the graded algebra F and grmod(F) be 
its subcategory of finite-dimensional graded modules. Let (1) be the degree shifting func- 
tor of Grmod(F). We grade our algebras and modules cohomologically, so for a graded 
F-module M = ©pg^^^ ^^e degree shifting M(l) is defined by (M(1))p = M^+K 
Consider F as a dg fc-algebra with trivial differential, and let 'D{r) and Vfd{T) respec- 
tively denote the derived category and the finite-dimensional derived category. The two 
categories T>{r) and Grmod(F) are closely related. 

Lemma 5.3. The taking total cohomology functor H* : P(F) — t- Grmod(F) induces a 
bijection from the isoclasses of indecomposable objects ofV{r) to those o/Grmod(F) and 
satisfies H* o J] = (1) o H* . 

Proof. Apply ^IH Theorem 3.1] to the triangulated category ^'(F) and its compact 
generator F. □ 

A complex of graded F-modules can be viewed as a bicomplex. Taking total complex 
induces a triangle functor from D(Grmod(F)) to I'(F) which restricts to a triangle 
functor from P''(grmod(F)) to Vfd{T). Let us denote it by Tot. 

Lemma 5.4. (a) The functor Tot is essentially surjective. 

(b) We have a natural isomorphism of triangle functors Tot o S o (— 1) = Tot. 
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(c) For two objects X and Y 0/ D(Grmod(r)), we have a bijection induced by Tot 
0Homi,(Grmod{r))(X,SPr(-p)) ^ Homi,(r)(TotX, TotF). 



Proof. The statement (a) is a consequence of Lemma 15.31 and the statement (b) follows 
immediately from the definition of Tot. The existence of the bifunctorial map 

0Hom^(G.,od(r))(^, ^"Yi-p)) Homp(r)(TotX, TotF) 



was shown in the proof of Lemma 15. 1[ It remains to prove the bijectivity. Since Tot 
commutes with infinite direct sums, by infinite devissage it suffices to prove this for 
X = r and Y = S'^r(g') for all integers q and q'. We have 

LHS = 0Homi,(G..od(r))(r,SPST(g')(-p)) 



= Hom25(Grmod(r))(r,r(g + g')) 

^ H'Tiq + q') 

^ Hom2,(r)(r,S^+'?'r) 

= RHS. 

□ 

The functor S o (— 1) is a triangle auto-equivalence of T'^(grmod(r)). It satisfies the 
conditions in Theorem 12. ![ and hence the orbit category P''(grmod(r))/S o (—1) admits 
a canonical triangle structure. 

Proposition 5.5. The orbit category D^(grmod(r))/S o (—1) is triangle equivalent to 

Proof. This follows from Lemma 15.41 and Lemma 15.11 □ 

5.4. Graded modules over T and quiver representations. Let be the follow- 
ing quiver of type A° 



100 

00 



Let Q = Q'^ he the disjoint union of |(i|-copies of whose vertices are labeled {j,i), 
< J < Ic^l — 1, € Z. Let a be the unique automorphism of Q which takes the following 
values on vertices 

j - 1 j - I 

= U -'^-[-^\\d\J + sgn{d)[-^\) 

ifl<J<M|-l 
{\d\-l,t + sgn{d)) ifj = 0, 

where sgn{d) is the sign of d, and \_x\ is the greatest integer smaller than or equal 
to X. Pushing out along the automorphism a is an auto-equivalence of Rep((5), still 
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denoted by a. For a finite-dimensional representation M written as a tuple M — 
(Mo, Ml, ... , M|d|_i), we have a{M) = (Mi, M2, . . . , M|d|_i, t-^^^^'^^Mq), where r is the 
Auslander-Reiten translation of rep(3^^). The following is an easy observation. 

Lemma 5.6. There is an equivalence of categories between Grmod(r) and Rep{Q) such 
that it restricts to an equivalence between grmod(r) and rep((5) and the following dia- 
grams are commutative 

Grmod(r) Rep{Q) grmod(r) rep(g) 



(1) 



(1) 



Grmod(r) Rep{Q) grmod(r) rep(g). 

5.5. A covering functor. Let Q and a be as in the preceding subsection. Recall that 
n is a positive integer. Let m be the greatest common divisor of n and \d\, and let 
n' — —, d' — —. Let c be the inverse of d' modulo n'. 

Let Q be the quotient quiver of Q under the automorphism a'". Precisely, Q is the 
disjoint union of m-copies of A„/, where A„/ is the cyclic quiver with n' vertices, i.e. 
the quiver 

1 ^ 2 

^ \ 



\ 

n' -l^n' -2 

The vertices of Q are labeled (j, i), < j < m — 1, < i < n' — 1. Moreover, the 
covering map C : Q ^ Q is given by the unique map between quivers which takes the 
the following value on vertices 

C{j,z) = {j - L^Jm,^ - L^Jc- l^-^ln'). 

The map C induces a pair of adjoint triangle functors 

c 

V{RepQ)^V{RepQ), 

c* 

where C* is the pull-back functor and C* is the push-out functor: 

= Xi^Jh for ^ e V{RepQ) and {tj) e Qo- 

The functor C* is essentially surjective, and restricts to a triangle functor T)'^{repQ) — )■ 
'D^{repQ) (here by rep we mean the category of finite-dimensional nilpotent represen- 
tations). By abuse of notation, we denote C — C^. It is easy to prove 

Lemma 5.7. Let X be an object ofT>{RepQ). Then 

C*C{X) = 0(7"*'(X). 
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Let a : Q ^ Q he the unique automorphism of Q taking the following value on 
vertices 

= (j - 1 - L^J m, z - c-[ '~ ^"^^ " j n') 

m m n' 

{j — if 1 < j < m — 1 

m- + c- [^\n') ifj = 0. 

Then the following diagram is commutative 



Q 



Q 



c 



c 



Q 



and induces a commutative diagram of triangle functors 



r'^(grmodr) V\repQ) 



c 



V\repQ) 



So(-l) 



I?^(grmodr) 



Socr- 



V\repQ) 



c 



Here, by abuse of notation, we denote by a the push-out functor along the automorphism 
a. By Theorem I2.H the orbit category V''{repQ)/Ti o a^^ admits a canonical triangle 
structure. Thus by Lemma 15.11 and Proposition 15.51 we obtain a chain of triangle 
functors 

Vfd{T) ^I?^(grmodr)/So (-1) ^ P^(rep Q)/S o ^ V\repQ)/J: o a-\ 
Let $ be the composition of the above three triangle functors. 

Lemma 5.8. Assume that n is even. 

(a) We have a natural isomorphism of triangle functors $ o S" ^ 

(b) The functor $ is essentially surjective. 

(c) The triangle functor $ induces a bijection for any objects M and N ofDfdiT) 

0Homx,,,(r)(M,S^"iV) Hom^.(,,pQ)/so,-i($(M), $(iV)). 



Proof, (a) The triangle structures of S and a yield the following commutation mor- 
phisms 

— lx;2 : S o S — 7- S o S, 1^-2 : a^^ o a^^ — )■ a^^ o ci^^, 
012 : S o a^^ —7- a^^ o S, 02i : (^^^ o S — t- S o a^^ . 

By Section Em we have two induced (triangle) auto-equivalences of V^{repQ) /T, o ct^^, 
which, by abuse of notation, will still be denoted by S and a^^. Moreover, S o = 
A(-W-i). 



THE RINGEL-HALL LIE ALGEBRA OF A SPHERICAL OBJECT 

Now since $ is a triangle functor, it follows that 
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$ o E'^ = o $ ^ A((-l)'^lsoa-0 o a" o $ ^ $. 

(b) In view of Lemma f5.lt this is because C is essentially surjective. 

(c) It suffices to prove that the functor C induces a bijection for any object X and Y 
of V\re^Q) 

0Hom^.(,epQ)(X,aP"r) Hom^.(,,pQ)(C(X),C(F)). 



By Lemma [521 the space on the left is isomorphic to Homx)b(repQ)(-^, C'*C(^))- Thus 
the bijectivity of the map under investigation follows from the adjointness of C and 
C*. □ 

Proposition 5.9. Let n eN be even. We have a triangle equivalence 



Proof. This follows from Lemma 15.11 and Lemma 15.81 □ 

5.6. The characterization. Recall that m is the greatest common divisor of n and 
\d\, n' = d' = — , and c is the inverse of d' modulo n'. 

Let r be the Auslander-Reiten translation of P^(repA„/). It follows from The- 
orem 12.11 that the orbit category I'*(rep A„/)/r^ o admits a canonical triangle 
structure. Let tt : I?^(rep A„/) — t- ©^(rep A„/)/r^ o denote the canonical projec- 
tion functor. Recall that Q is the disjoint union of m-copies of A„/. So an object 
X of V''{repQ) can be written as an ordered sequence X = {Xq, . . . , X^-i), where 
Xo, . . . , Xm-i e V\rep We define a triangle functor H : V^rep Q) V^{rep 

by setting n(X) = S^-^-^X^. Let * = vr o n be the composition. 

Lemma 5.10. The functor \E' : V'^irepQ) ^'^(rep ^„')/r'^ o S*" induces a triangle 
equivalence 

^ : V\repQ)/T. o a'^ V\rep^n') /r'' o YT". 
Proof. We claim that the following diagram is commutative 



V\rep Q) V\rep ^„0/^' ° 



Soo-- 



V\repQ) V\rep~^n')lr'' o S'^ 
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Indeed, for X = (Xq, . . . , Xm-i) G V^{rep Q), we have 

m— 1 
j=0 

^oEoa-i(X) = ^(r=oSX„_i,SXi,...,SX„_2) 

m-2 

= 7r(r^oS™X„„i©0S'"-i-^X,). 

i=o 

The natural isomorphism \E' ~ \&oSod-^^ is then induced from the natural isomorphism 
TT 71 o t'^ o S™". It is clear that ^ is essentially surjective because so is Moreover, 
^ induces an identity of morphism spaces 

Applying Lemma [5.11 yields the desired result: is a triangle equivalence. It remains 
to prove the above identity. Writing X = (Xq, . . . , X^-i) and Y = (Yq, . . . , Ym-i), it 
follows by induction that for p G Z 

(S o a-^Y = SP(r^P'K^_,^, . . . , t'^^'Y^.,, r'^^^'-^Vo, . . . , r'^^P'-'^Yrn-j.-i), 

where p' = [^] is the smallest integer greater than equal to ^, and jp = m + p — mp'. 
Therefore (below (?, ?) = Hom^,(^^p^^,^(?, ?)) 

jp-l m-l 

RHS = 0(0(X„S^or^^V_,^+,)©0(X„S^or'=(^'-i)r_,.^+,.)) 
pez 3=0 j=jp 

p'ezjp=i j=o j=jp 

m— 1 m j 

= 0( (^J' o r^^'V„„,^+,) © 0(X,-, o r^(p'-i)r_,^ 

p'gZ j=0 jp=j+l jp=l 
m—l m—1 j—l 

= 0(0(Xj., o r'P'Yj,) © 0(X,-, S^-^'+"^(^''-i) o r^(p'-iV,v)) 

p'GZ i=0 j'=j j'=0 
m—1 m—1 

= 000(^.'S^'"^'^'""'°^^"'>S')- 

p'gz i=o j'=o 
On the other hand, we have 

LHS = 0(^X, (r" o S'")^^) 

m—1 m—1 

= 0(0 S^-i-^Xj-, (r'^ o E'")P S'^-i-^Fj) 
pez j=o j=o 

m—1 m—1 

= 000(^.'^^'°s^~^'^'"^>S')- 

pez i=i i'=o 
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□ 

Combining Proposition 15 .91 and Lemma r5.10[ we obtain the main result of this section. 
Theorem 5.11. Let n eN be even. Then we have a triangle equivalence 
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